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Abstract 
By a theorem of Whitney (1931) the toughness t(G) of a non-hamiitonian maximal planar 
graph G is less than or equal to 2. Improving a result of Dillencourt (1991), it is shown that the 
shortness exponent of the class of maximal planar graphs with toughness greater than or equal 
to ~ is less than 1. 
All graphs considered are finite and simple. We denote by V(G) the set of vertices 
and by ~o(G) the number of components of a graph G. 
The toughness t(G) of G is defined (see [1,2,4]) by 
t(G)= min ISl 
s c vc~ ~o(G - S )  
• ~qa s~>l  
Let F be a class of graphs. For a graph G of F the integer c(G) denotes the number 
of vertices of a longest cycle in G. According to [3], the shortness exponent tr(F) is 
defined by 
a(F) = lim inf logc(G) 
~,r logl V(G)I " 
For a non-negative r al number to let F(to) be the class of maximal planar graphs with 
toughness greater than or equal to to. By Whitney [5] the class F(to) is hamiltonian 
for to > ~. Nishizeki [4] constructed a non-hamiltonian graph of F(1), thus disprov- 
ing a conjecture of Chv~tal [1]. Dillencourt [2] proved that tr(F(1)) < 1. 
Here we prove the following result. 
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Theorem. a(F(¼))  < 1. 
Proof. To investigate graphs of toughness greater than 1 we generalise the W- 
supertoughness introduced in [2] as follows: 
Let G be a graph and W ~ V(G), to > 0 a real number. We say that G is W-to- 
supertough if t(G) >1 to and co(G - S) <~ (1~to)IS[ - 1 whenever W =_ S ~ V(G). 
Following the ideas in [2] we prove the following lemma. 
Lemma 1. Let G be a graph with t(G) >1 to, y • V(G), y simplicial (that is the neighbour- 
hood N(y) of y forms a clique) and let H be a W-to-supertough graph for some 
W ~ V(H). Let U be a graph obtained from G by deleting y and its attached edges, 
replacing y by a copy of H and adding new edges connecting N (y) and IV, such that each 
vertex of W and each neighbour of y is incident with at least one of the new edges. 
Then t(U) >1 to. 
Proof of Lemma 1. Let S ~ V(U) be non-empty and S~ = S c~ V(G), Su = S c~ V(H). 
Case 1: $6=0,  SH=S.  If W~S,  then co(U-S)= I+CO(H- -SH)~< 1 + 
(1/ to) lSxJ  - 1 = ( I / to) lS I .  
If W~S,  then G - {y} is in the same component of U - S as some vertex of H. 
Hence co(U - S) = co(U - Sn) <~ co(H - S~t) <~ (1/to)lSH[ = (1/to)lSI. 
Case 2: SH = 0. In this case there is a 1-1-mapping between the components of 
U - S and G - SG, hence co(U - S) = co(G - S6) <~ (1/to)lS6l = (1/to)[SI. 
Case 3: SG ~ O, Sz ~ O. Since N(y) forms a clique any two vertices o fG  - {y} that 
lie in the same component of G - SG are connected by a path through G - So that 
does not contain y; hence, they lie in the same component  of U - S. 
With this observation we have 
co(U - S) <~ co(G - So) + to(n - Sn) <~ (1/to)lSol + (1/to)lSul = (1/to)lSI. 
In all cases to <~ I s I /~(u  - s),  so Lemma 1 is proved. [] 
In Fig. 1, we call v, w and x the boundary vertices of T and all other vertices the 
interior'vertices. In other graphs T is denoted by a labelled triangle. 
Lemma 2. Ho is W-~-supertough, where W = {a, b, c} (as in Fig. 2). 
Proof  of Lemma 2. We must show that 
(1) co(Ho - So) ~< ~lSol if So c V(Ho) and co(Ho - So) > 1 
and also that 
(2) co(Ho - So) ~< ~lSol - 1 if So c V(Ho) and W_ So. 
'Since [W[ = 3, the second inequality may be written in the equivalent form 
(2') co(Hi - S1) ~< ~[Sll + ~ if $1 ~ V(H1) and co(H1 - $1) > 1, 
where H1 = Ho - W and $1 = So-  W. (The extra condition co(H~ - S~) > 1 is 
inserted to make (2') analogous to (1) and has no effect since (2') is satisfied trivially if 
CO(H1 -- $1) = 1.) 
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Fig. 1. The graph T. 
For i = 0, 1, choose Si ~- V(Hi) such that 
(*)  to(Hi -  Si) > 1 and f(Hi, Si) is maximal, 
wheref(Hi, Si) is defined to be to(Hi - St) - ~lSil. Our task is to prove that in all 
cases f (Ho ,So)~ 0 and f(H1,S1)<. 5. As far as possible we treat the two cases 
i = 0, 1 simultaneously. 
We give some properties, (P1)-(P6), of Si. 
(P1) Every vertex of Si is adjacent o at least two components of Hi - Si. To prove 
(P1), suppose that y E Si and y is adjacent to at most one component of Hi - Si. 
Define Si = S i -  {y}. Then 1~[ = [S~] - 1 and t°(Hi -- Si) ~ to(Hi - -  Si), so 
f(Hi, ~qi) >f(Hi,  Si), contrary to ( • ). 
Property (P1) leads at once to (P2): 
(P2) I f  y ~ V(Hi) and y has valency 3, then y ¢ Si. 
(P3) No component of H i -  Si has a cut vertex. To prove (P3), suppose that 
Hi - Si has a cut vertex y. Define Si = Si u {y}. Then ISil = ISil + 1 and to(Hi - Si) >t 
co(Hi - Si) + 1, so f(Hi,~qi) > f(Hi, Si), contrary to (*). 
Let k denote the number of boundary vertices of a particular copy of T that 
are in Sl. 
(P4) l f  k = 2, then Si contains all neighbours outside T of the boundary vertex that is 
not in Si. To prove (P4), denote the boundary vertex of T that is not in Si by y and 
observe that among the neighbours of y inside T are two 3-valent vertices which, by 
(P2), are not in Si. Unless all neighbours of y outside T are in Si, y is a cut vertex of 
a component  of Hi - St, contrary to (P3). 
Two more properties follow easily from (P3) and by examining T. 
(PS) I f  k = 2 (or 3), then Si contains 1 (or 2) interior vertices of T and Hi - Si has 2 
(or 3) components in T (respectively). 
(P6) I f  k = 0 or 1, then all interior vertices of T are in a single component of Hi -- Si. 
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Fig. 2. The graphs Ho and H~. 
Table 1 
NotinS~ to (H i -S1)  ISll So-Sl  to (Ho-So)  [Sol 
tuvw 4 5 - -  4 5 
r tv /suw 6 7 abc 6 10 
rsu 6 7 bc 6 9 
rsv 6 7 c 6 8 
ru 7 9 abc 7 12 
rt 7 9 ab 8 11 
su 7 9 abe 7 12 
rs 7 9 - -  7 9 
rs 7 9 ab 8 11 
r 8 11 a 9 12 
s 8 11 ab 9 13 
9 13 - -  10 13 
We claim that the vertex x (see Fig. 2) is in Si. In fact, suppose that x ~ Si. Since 
x has 3-valent neighbours in all three copies of T and, by (P2), these neighbours are 
not in Si, we must have k < 2 for all three copies of T in order not to contradict (P4). 
But then, by (P6), o~(H1 - $1) = 1. Each of the vertices a,b,c is adjacent to two 
boundary vertices of a copy of T, so to(Ho - So) = 1 also. Hence ( • ) is contradicted 
and x is in S~. 
Now consider the possible values of {r, s, t, u, v, w} n S~. It is easy to exclude certain 
cases. Suppose, for instance, that r e Si and s ¢ S~. Then k = 2 for the copy of 
T containing r and s so, by (P4), t e S~. The cases which remain after using such 
reasoning and symmetry are listed in Table 1. The first column shows which boundary 
vertices are not in S~. The next two columns are constructed using (P5), (P6) while the 
fourth column uses (P4). In all cases the inequalities (1) and (2') hold, so Lemma 2 is 
proved. [] 
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Lemma 3, l f  a graph G contains H1 as a subgraph, then G is non-hamiltonian and every 
cycle misses at least one of the nine 3-valent vertices of H~. 
Proof of Lemma 3. Consider the vertex x of H1 and assume there is a hamiltonian 
cycle C in G. For each copy To f  H1, C n Tis a path and one of these paths does not 
contain any edge incident at x. It is easy to see that C must miss a 3-valent vertex of 
the corresponding copy of T. [] 
Proof of the theorem (conclusion). Now we construct a sequence {Gn} of graphs of 
F(¼) with 
log c(Gn) log 8 
(**)  lira 
~ log1V(G,)I log9 '  
We start with Go = Ho and convert G, into G~+ 1 by replacing every 3-valent vertex 
y of Gn by a copy of Ho as described in Lemma 1, with W = {a, b, c}. Lemmas 1 and 
2 yield {G~} c F(¼) and by Lemma 3 we have: Every cycle in Go contains ~< 8 of 
the 9 3-valent vertices, every cycle in G1 contains ~< 82 of the 92 3-valent vertices, 
and so on. 
Reasoning similar to that in [2, 33 leads to (**) and the theorem is proved. [] 
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